
4 The quenched free energy and replicas

In the previous lecture we saw that in disordered systems, averaging the par-

tition function over the disorder results in a solution with undesirable proper-

ties. In particular, this annealed average represents behavior of a system with

temperature-dependent and atypical values of the couplings between spins. We

also argued that an alternative way of taking the average, over the free energy

rather than the partition function, repairs these problems and gives an answer

that describes the behavior of typical samples of the system and its couplings.

This is more easily said than done. We must calculate

F = −
1

β
logZJ(β) (1)

with all the Gaussian random variables making up the disordered inside a nasty

nonlinear function. In general, we do not know how to take averages over such

objects. Therefore, we are going to have to make use of some tricks to tem-

porarily reduce the problem to one which is an ordinary exponential function

of Gaussian variables, where we know how to take the average, and then later

convert back. The trick relies on the following trivial calculus identity:

∂

∂n
xn = xn log x (2)

This implies that we can write log x as

log x lim
n→0

∂

∂n
xn (3)

It seems simple enough, but how can it help with our quenched free energy?

We would write

logZJ(β) = lim
n→0

∂

∂n
ZJ(β)

n (4)

Now we will make a step that mathematicians tend not to appreciate, which

is to pretend for a while that n is actually an integer and not a real number.

Then we can write

logZJ(β) = lim
n→0

∂

∂n
ZJ(β)

n = lim
n→0

∂

∂n
ZJ(β) · · ·ZJ(β)︸ ︷︷ ︸

n

(5)

= lim
n→0

∂

∂n

(∫
ds1 e

−βH(s1)

)
· · ·
(∫

dsn e−βH(sn)

)
= lim

n→0

∂

∂n

∫ ( n∏
a=1

dsa

)
e−β

∑n
a=1

H(sa)

The result appears to be a single partition function for a system whose con�g-

uration space is the product of n copies of the original con�guration space, and
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whose energy is the sum of the energies due to each of the individual con�gura-

tion spaces. We say that we have replicated the original system n times, which

gives this method for treating the logarithm the replica method. Note that, as

desired, the dependence of our logarithm on the Gaussian random variables is

in the form of a linear exponential, so that we can take averages.

The replicated system may seem trivial at �rst glance: if the energy is indeed

the sum of energies of the replica subsystems, then there are no interactions

between the replicas and we should get an answer that is identical to that of

each of the subsystems independently. However, there is a deep subtly here

that will quickly emerge as we begin to do calculations: each of the replicated

subsystems has identical disordered couplings. The e�ect of this is similar to

the e�ect that would arise from interactions: certain spin con�gurations will

be favored at low temperature among each subsystem, and this will cause the

subsystems to be correlated with one another despite the lack of interaction.

When we average away the disorder, this correlation will be expressed through

emergent interactions among the replicas.

Recall that the system we are studying, the spherical spin glasses, have a

con�guration space given by the sphere ∥s∥2 = N and a Hamiltonian given by

HJ(s) =
1√

2p!Np−1

∑
i1,...,ip

Ji1,...,ipsi1 · · · sip (6)

Recall further that because this Hamiltonian is a linear combination of Gaus-

sian random variables, it is also a Gaussian random variable, and therefore

completely speci�ed by its mean HJ(s) = 0 and its covariance

HJ(s)HJ(s ′) = Nf

(
s · s ′

N

)
(7)

where f(q) = 1
2
qp for the p-spin models we are studying. Because HJ is a

Gaussian random variable, it is simple to take the average over disorder in the

replicated partition function. Using the usual properties of Gaussian random

variables, we have

logZJ(β) = lim
n→0

∂

∂n

∫ ( n∏
a=1

dsa

)
e−β

∑n
a=1

HJ(sa) (8)

= lim
n→0

∂

∂n

∫ ( n∏
a=1

dsa

)
e
1

2
β2

∑n
a=1

∑n
b=1

HJ(sa)HJ(sb)

= lim
n→0

∂

∂n

∫ ( n∏
a=1

dsa

)
e
1

2
Nβ2

∑n
ab f(

sa·sb
N

)

As promised, averaging over the disorder has produced a new e�ective energy

for the con�gurations that couples con�gurations between di�erent subsystems
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by their overlap. Notice that the annealed calculation we did in the previous

lecture is recovered here if we take n = 1.

Now the averaged integrand still depends on the con�gurations sa in a non-

trivial way, but only through the n × n matrix of overlaps Qab = 1
N
sa · sb.

Because of the way this matrix appears in the averaged replicated partition

function, it is a natural candidate for the order parameter of our model. We

will discuss the physical signi�cance of this matrix later, but for now we can

allow ourselves to be led by the suggestion that it makes an appropriate order

parameter. To use it, we must introduce δ functions that �x its value, with

logZJ(β) = lim
n→0

∂

∂n

∫ (∏
ab

dQab δ(NQab − sa · sb)

)(
n∏

a=1

dsa

)
e
1

2
Nβ2

∑n
ab f(Qab)

= lim
n→0

∂

∂n

∫
dQd ~Q

(
n∏

a=1

dsa

)
e
1

2
Nβ2

∑n
ab f(Qab)+

1

2

∑
ab

~Qab(NQab−sa·sb)

= lim
n→0

∂

∂n

∫
dQd ~Qe

1

2
Nβ2

∑n
ab f(Qab)+

1

2
N

∑
ab

~QabQab

∫ ( n∏
a=1

dsa

)
e−

1

2

∑
ab

~Qabsa·sb

where because of the spherical constraint we must understand that the diagonal

Qaa = 1. As in the spherical Curie{Weiss model, introduction of an appropri-

ate order parameter has separated the integral depending on the microscopic

con�gurations from that due to the energy. The resulting integrals over sa are

N identical n-dimensional Gaussian integrals, one for each of the N dimensions,

and performing those Gaussian integrals gives

logZJ(β) = lim
n→0

∂

∂n

∫
dQd ~Qe

1

2
Nβ2

∑n
ab f(Qab)+

1

2
N

∑
ab

~QabQab

(√
(2π)n

det ~Q

)N

= lim
n→0

∂

∂n

∫
dQd ~Qe

1

2
Nβ2

∑n
ab f(Qab)+

1

2
N

∑
ab

~QabQab−
1

2
N log det ~Q+ 1

2
nN log(2π)

We are clearly nearing a point where we can evaluate the remaining integrals by

a saddle point approximation at large N. We begin with the matrix ~Q, which

has a unique saddle point. The derivative of the e�ective active with respect to
~Q is

0 =
∂

∂ ~Qab

(
1

2

∑
cd

~QcdQcd −
1

2
log det ~Q

)
=

1

2
Qab −

1

2
~Q−1
ab (9)

This is a matrix equation that has the solution ~Q = Q−1. We therefore have

logZJ(β) = lim
n→0

∂

∂n

∫
dQe

1

2
Nβ2

∑n
ab f(Qab)+

1

2
N

∑
ab Q−1

abQab−
1

2
N log detQ−1+ 1

2
nN log(2π)

= lim
n→0

∂

∂n

∫
dQe

1

2
Nβ2

∑n
ab f(Qab)+

1

2
N log detQ+ 1

2
nN(1+log(2π))
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We have reduced the problem of the quenched free energy to a saddle point in

the o�-diagonal elements of the overlap matrix Q with e�ective action

Sn(Q) =
1

n

[
1

2
β2

n∑
ab

f(Qab) +
1

2
log detQ

]
+

1

2
(1+ log(2π)) (10)

If we found a saddle point Q∗, we would �nd

logZJ(β) = lim
n→0

∂

∂n
enNSn(Q∗) (11)

= N lim
n→0

(Sn(Q
∗) + n ∂

∂n
Sn(Q

∗))enNSn(Q∗) = N lim
n→0

Sn(Q
∗)

This is a substantial challenge: we must �nd solutions to a nonlinear matrix

optimization problem that can be rendered sensible in the limit of the size of

the matrix going to zero.

Before we look at solutions to this problem, let's address the physical sig-

ni�cance of Q, since this will help us reason about its form. It turns out to

have a deep connection with the probability distribution of �nding that two

con�gurations drawn from the Boltzmann distribution of a given sample are

separated by a given overlap. We can show this by calculating the moments of

the distribution of overlaps. The mth moment is given by

⟨qm⟩ =
∫
dsds ′ pJ(s)pJ(s ′)

(
s · s ′

N

)m

=

∫
dsds ′ 1

Z
e−βHJ(s)

1

Z
e−βHJ(s′)

(
s · s ′

N

)m

We can treat the factors of 1
Z
with replicas just as they can be used to treat the

logarithm. Now we use the even more trivial identity limn→0 Z
n−2 = Z−2, and

write

⟨qm⟩ = lim
n→0

∫ ( n∏
a

dsa

)
e−β

∑n
a HJ(sa)

(s1 · s2
N

)m
where we have written s = s1 and s ′ = s2 for a total of n replicas. Following

exactly the same steps we just saw, this reduces to

⟨qm⟩ = lim
n→0

∫
dQeNS(Q)Qm

12

Since the e�ective action is invariant under permutations of the replica indices,

we can equivalently write Qab for any a ̸= b in place of Q12. Averaging over

every possible option, this gives

⟨qm⟩ = lim
n→0

∫
dQeNS(Q) 1

n(n− 1)

∑
a̸=b

Qm
ab = lim

n→0

1

n(n− 1)

∑
a̸=b

(Q∗
ab)

m
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The right hand side is the mth moment of the o�-diagonal elements of the over-

lap matrix Q∗ evaluated at the saddle point. Since for every moment m, the

moment of the overlap q of two con�gurations in the Boltzmann distribution

is equal to that of the o�-diagonal of Q, we conclude that the two probability

distributions are the same. Therefore, the distribution of o�-diagonal elements

of Q, P(q), is equal to the probability distribution of overlaps from two con�g-

urations drawn from the Boltzmann distribution!

What does this look like in practice? Being in high dimensions strongly

shapes the results. Consider the trivial case, where the energy is the same for

every con�guration (or in�nite temperature), and every con�guration is just as

likely as any other. On the high-dimensional sphere, given some arbitrary axis,

most of the volume is within a tiny vicinity of the equator. Therefore, drawing

two random vectors, it is overwhelmingly likely that the are nearly orthogonal

to each other. It therefore follows that

P(q) = δ(q) (12)

that is, the probability distribution of overlaps drawn at large N approaches

a δ function at zero overlap. In fact, such a con�guration corresponds to our

annealed average in the previous lecture: when P(q) = δ(q), all o�-diagonal

elements of Q are zero and Q = I, and therefore detQ = 1 and

S(Q = I) =
1

2
β2f(1) +

1

2
(1+ log(2π)) (13)

exactly the annealed result. Therefore, in order to see a situation di�erent from

the annealed one, we must have some probability of seeing con�gurations at

an overlap other than zero. In some sense this makes sense: in our models we

will have a unique ground state, and therefore in the zero temperature limit the

probability of overlaps drawn from the Boltzmann distribution must approach

P(q) = δ(q− 1), e.g., all con�gurations are identical.

The next simplest possibility follows this line of thinking: that elements

drawn from the Boltzmann distribution still only have one overlap with each

other, but that this overlap is no longer zero. This guess is called replica

symmetry, and corresponds to a matrix Qab = δab + (1 − δab)q. In order to

evaluate the free energy that would result from a replica symmetric ansatz, we

need to know the eigenvalues of the matrixQ so we can compute its determinant.

One eigenvector is 1 = [1, . . . , 1], with

Q1 =
∑
b

(δab + (1− δab)q) = 1+ (n− 1)q (14)

The other n − 1 eigenvectors are those orthogonal to 1, and are such that∑
b vb = 0. Therefore

Qv =
∑
b

(δab + (1− δab)q)vb = (1− q)va (15)
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We therefore have detQ = (1 + (n − 1)q)(1 − q)n−1. Since the matrix has n

elements 1 and n2 − n elements q, we have

S(Q) =
1

2
β2(f(1)+(n−1)f(q))+

1

n

[
1

2
log(1+ (n− 1)q) +

1

2
(n− 1) log(1− q)

]
+
1

2
(1+log(2π))

(16)

with the limit of n → 0 giving

lim
n→0

S(Q) =
1

2
β2(f(1)− f(q))+

1

2

q

1− q
+
1

2
log(1−q)+

1

2
(1+ log(2π)) (17)

where we have used l'Hopital's rule to evaluate the limit involving the loga-

rithms. Extremizing this with respect to q gives

0 = −
1

2
β2f ′(q) +

1

2

q

(1− q)2
= −

p

4
β2qp−1 +

1

2

q

(1− q)2
(18)

This equation gives a messy polynomial root for p > 2, and in fact the result is

a discontinuous phase transition for all such p. We can see this by writing

qp−2(1− q)2 =
2

p
T2 (19)

and plotting the result. The formula on the left has zeros at q = 0 and q = 1

and a maximum for some intermediate q, whereas the right is a constant that

decreases with decreasing T . Therefore for some T = T0, the maximum coincides

with the righthand side and we have a phase transition.

How does this solution do? For the p = 2 case, which we know does not

behave like a spin glass but we understand that its ground state has energy

density −1, this can be explicitly solved by

q∗ =
β− 1

β
(20)

a solution that is valid when β > 1, signaling a phase transition from zero to

nonzero q∗ at β = 1. The free energy under that condition would be

F = −
1

β
logZJ(β) = −N

1

β
lim
n→0

S(Q∗)

= −N
1

β

[
1

2
β2(f(1) − f(q∗)) +

1

2

q∗

1− q∗ +
1

2
log(1− q∗) +

1

2
(1+ log(2π))

]
= −N

1

β

[
−
3

4
+ β−

1

2
logβ+

1

2
(1+ log(2π))

]
And therefore the energy density is

E =
∂

∂β
βF = N

[
1

2

1

β
− 1

]
(21)
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which indeed approaches −N as β → ∞.

It seems that the replica symmetric approach works for p = 2, but what

about the richer models we actually care about? Next lecture we will look at

the stability of this solution and see when it is not valid.
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